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The general aim of the present paper is to provide the analysis of the connection between
proof-theoretical and functional properties of certain logical matrices. To be more precise,
we consider the class of three-valued matrices that induce the classical consequence
relation and show that their operations always constitute a subset of one of the maximal
classes of functions, which preserve non-trivial equivalence relations. We use a matrix
with the single designated value as a sample for in-depth analysis, and generalize the
results to suit other cases. Furthermore, on the basis of obtained results we conclude the
paper with methodological considerations concerning the nature and interpretation of
the truth-values in logical matrices.
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1. Introduction

The results presented below belong to the intersection of two prominent
fields of modern logic, theory of logical calculi and algebra of logic. The
problem that we deal with can be generally described in the form of a
question: can we establish the link between a logical consequence relation
and the algebraic properties of a matrix which induces it? For the standard
two-valued matrix of the classical propositional calculus (K) the answer is
clear, as it is a well known fact that Boolean algebra is the algebra of K, the
set of its basic operations is complete in P, and it contains countable-many
closed classes of functions |10, 5|. However, none of the above is the case if we
consider the three-valued matrices for K. No three-valued Boolean algebras
exist, the consequence relation in Post’s three-valued logic is different from
the classical one, and, as we will show in the sequel, there are matrices for
K, which contain continuum-many subclasses. The differences between two-
valued and three-valued matrices for K make it of interest to investigate
the functional properties of the latter. Such an investigation constitutes the
subject of the presented research.
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The structure of the paper is as follows. First, we define the necessary
concepts, including one of a matrix for an arbitrary propositional language,
which induces the classical consequence relation. Then, we present the
necessary and sufficient conditions for a three-valued matrix to induce
the classical consequence relation. In what follows, we analyze functional
properties of the matrices that fulfill this condition, and show the connection
of the basic operations of such matrices to the maximal classes of P3. The
final section of the paper is dedicated to the theoretical analysis of the
technical results we have obtained.

2. Three-valued matrices which induce the classical
consequence relation

We define a propositional (sentential) language as an algebra S =
(S,81,82,...,8,), where S is the set of formulae, and §;,89,...,8, are
functions on S. We will assume that a(§¥) = k > 1 for at least some
1 < i < n. Given a set Var(S) = {p1,p2,...,pi,...} of the propositional
variables of S, we define the contents of S inductively:

o If a € Var(S), then a € S;

o if {a1, a9, ..., } C Sand §F € S (a(§F) = k), then §¥(ay, ag, ..., ap) €
S;

e there are no other elements in S.

A logical matric M = (A, D) is a structure, where A = (A, F) is an
algebra, and D is a non-empty proper subset of A. The elements of D will
be referred to as designated values. If (S,8§1,...,8,) and (A, F) are of the
same type, then M is a matriz for S, and a homomorphism v from S into
A will be called a valuation of S-formula in M.

By consequence relation induced by M we will denote the set F=
{{(X,a)| X Epm a}, where X Fyr a ({X Ua} CS) iff for every valuation v
in M it is true that v(a) € D whenever v(X) C D.

Let S be such a language that there is a matrix K = ({0, 1}, Fi., {1})
for S, where [Fx| = P», where [F] is the closure if Fx under Mal’tsev
operations [8]. We will say that the consequence relation induced by a matrix
M for S is classical iff Ep=Fx.

Now we need to introduce the concept of matriz homomorphism [15, 9.
Let M = (A, D) and M" = (A’,D’) be matrices of the same type. A
homomorphism h from A into A’ is said to be a homomorphism from M
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into M’ iff h(D) C D’. If it also holds that h=1(D’) = D, h is said to be a
matrix (or strong) homomorphism.
The following theorem can be proved [1]:

THEOREM 1. Let M3 = ({0,1,2}, F, D) be a matriz of the same type as K.
Then Eapy= Fx iff there is a matriz homomorphism from Ms into K.

In other words, the consequence relation induced by a three-valued
matrix Mj is classical iff for every n-ary function of its algebra it is true
that

h(f(a1,ag,...,an)) = fic(h(ar), h(az),...,h(a,)),

where h(a;) =1, if a; € D, and h(a;) = 0 otherwise, for every a; € {0, 1,2}
(1<i<n).

In the usual manner, we can make a transition from the matrix
homomorphism to the matrix congruence:

(a1,a}) € Kk, < h(ar) = h(d)).

As we have limited ourselves to the three-valued case, the matrices we
consider can only differ by the elements of [F] and D. Obviously, the choice
of D impacts the structure of xj. For example,

o if D = {2}, then (0,1) € kp;
o if D = {1,2}, then (1,2) € kp,.

As soon as we determine, what is the class of designated values of
Mg which determines the structure of matrix congruence x; on Ms, the
contents of [F'] become the only variable.

This allows us to introduce a concept of the classical functions on
{0,1,2}. It will be said that an n-ary function f on {0,1,2} is classical in
respect to D iff it satisfies the following condition:

{{a1,d}), (ag,db), ..., (an,al)} C Kkp =
(flar,ag,...,an), f(d},dy, ... al)) € kn,

where kj, depends on the contents of D. Obviously, if Fa,= Fi, then all
functions from [F] are classical.

In the following section we shall investigate the properties of the class
of functions which are classical in respect to D = {2}, and the matrix which
contains all of such operations.
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3. The maximal three-valued matrix with operations
which are classical in respect to D = {2}

S.V. Jablonskij has described all 18 classes of functions maximal in Ps,
including the three classes of type U, the maximal classes of functions, which
preserve non-trivial equivalence relations [4]. For us, of special interest is
the class Us, which is defined as follows:

flz1,za,...,2,) € Uy, iff for all 1 <iy < iy < -+ <is < n on all sets
of values {b1,bs,...,b,}, where

2 ifm=14 (1=12,...,s),
by, =
# 2 otherwise,

function f(x1,z2,...,x,) either returns values from {0, 1} exclusively, or is
equivalent to 2.
One can observe that

Fy = {f(z1,22,...,zn)[{{a1,d}), (az,ab), ... (an,al)} C ko =
(f(ar,ag,...,an), f(a},dh, ... al)) € ka} coincides with Us.

In other words, Us is exactly the class of functions which are classical in
respect to D = {2}.

Now we will build a three-valued matrix containing all functions which
are classical in respect to D = {2}. First, let us consider some operations
and show that each of them satisfies the definition of a function from Us.

12 1 0
212 1 0
11 1 0
010 0 0

Suppose s = 0. We have four value sets: (0,0), (0,1), (1,0), (1,1), and
f/\(0,0) = f/\(07 1) = f/\(l,O) =0, f/\(la 1) =L

Suppose s = 1. For i3 = 1 we have (2,0), (2,1). For i; = 2 we have
(0,2), (1,2). And fa(2,0) = fa(0,2) =0, fa(2,1) = fa(1,2) = 1.

For s = 2 we have one value set: (2,2), and fA(2,2) = 2.

fv

DN DO N DN

1
2
1
1
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Suppose s = 0. We have four value sets: (0,0), (0,1), (1,0), (1,1), and

fv(0,0) =0, fu(0,1) = fu(1,0) = fu(1,1) = 1.
Suppose s = 1. For i; = 1 we have (2,0), (2,1). For iy = 2 we have

1).
(0,2), (1,2). And fv(2,0) = fv(2,1) = fv(0,2) = fv(1, ?)
2,2

For s = 2 we have one value set: (2,2), and fy(2,

~12 1 0
2 12 0 1
112 2 2
02 2 2

Suppose s = 0. We have four value sets: (0,0), (0,1), (1,0), (1,1), and

f5(0,0) = f5(0,1) = f5(1,0) = f5(1,1) = 2.
Suppose s = 1. For i1 = 1 we have <2 0), (2,1). For i; = 2 we have

(0,2), (1,2). And f5(2,0) = 1, f5(2,1) = ]; (0,2) = £5(1,2) = 2. For

s = 2 we have one value set: (2,2), and f-(2,

71 | f-(1)
2 0
1 2
0 2

For s = 0 we have f-(0) = f-(1) = 2. For s =1 we have f(2) = 0.

Now, consider the matrices M} .. = ({0,1,2}, Fl .., {2}), where
‘F%”La{b {f/\afVufDaf—\}v and Mg = <{0 1} F’Cv{l}> where Fx =
{gr:9v,9>.9-}-

g |1 0 z | g-(z)
1 0
1 1

gy | 1
1
1

gn | 1
1|1
0

o OO
—_
o O
—

O =

1

A propositional language £ = (L, A,V,D, ) is said to be standard.
Both Ml —and My are matrices for £. Moreover, [Fx| = P,. It is easy to

max

check that Fyu = Faq. Therefore, the consequence relation induced by

1 .
M, .. is classical.
LEMMA 1. [F}..] is maximal in Ps.

In other words,

Vi(xy,xo,...,xn)(f(z1,22,...,2n) & [.F,lnax]
[*Fr%uw: U {f(1‘1,$2,..., n)}] - P3)a
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where Pj is the class of all functions on {0, 1,2}, and f(x1,z9,...,2,) € Ps.

PRrROOF. It is sufficient to show that every function, which is classical in
respect to {2}, is equivalent to a superposition of the functions of F}, .
The following functions belong to [F.,,.] (to simplify the notation, we

write «§» instead of «fg», where § € {A,V,D,—}).

o [\(x) =——x A A-x;

o [[(z) = A((—x A AZ) V (= A AT));

o [\(z) =—x A Ax
x| AL I I
212111010
1100110
017001

Consider the function
n
ii\llai (i) = Loy (1) Aoy (w2) A+ Ao, (T0),

where I, (z;) = ——ay, if a; = 2, and I, (z;) = —xy, if a; € {0,1}. The
function 7\1[&1 (x;) produces the value 2, if z; = a; = 2, or z; € {0,1} and
1=

a; € {0,1}, and it produces the value 0 otherwise.
Moreover, the function

n
1\2/11‘/“ (z3) = I, (x1) VI, (x2) V - - V I, (2n)

produces the value 1, if z; = a; for every i, and the value 0 otherwise.

Let f(x1,22,...,x,) be a function which is classical in respect to {2}.
Assume f(z1,2,...,2,) = 2, only when z; = bj, (1 < j < k) for the sets
of values (b117b127 ceey bln), (bgl, bgz, ce ,bgn), ceey (bkl,bkz, ceey bkn) Since

f(bjpbjza ce 7bjn) = 2 iff f(bj{,bj;, ce ,bj;;) = 2, where bj: = 0, if bji = 1,
and bjx = bj, otherwise,

k n

AT, @) = (A D @)V (A Ty, (@) V=V (A Ty ()
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is a function, which produces the value 2, if f(z1,22,...,2,) = 2, and the
value 0 otherwise.

Now assume f(z1,22,...,7,) = 1, only when z; = ¢y (1 <
j' < m) for the sets of values (c1,,c1y,..-,¢1,), (C21,C295---5C2.)5 «--,
(CmysCmayy - - -5 Cm,, ). Then there is a function

m n n n n

NV (AT (@) = (V1o (@) V (VI (@) VeV (VI (),

7'=1"4=1 "J; =1 7 =1 2 =1 i
where 7\7}1( 7\1ch, (x;)) produces the value 1, if f(z1,z2,...,2,) = 1, and

7'=1"i= i

the value 0 otherwise. i
If f(x1,29,...,2,) = 1, then .vl(.}l\lfij(xi)) = 0, hence the following
Jj=1vi=1 "7
holds:

k n m o n
V(A Dy (z) Vv V(AT () = [, 22,0 2n).
Jg=11=1 "7 j'=1"1i=1 77;
Therefore, every function which is classical in respect to {2} is
equivalent to a superposition of the functions of F} .. As the class of

functions, which are classical in respect to {2}, coincides with Uy, and Us

is maximal in P3, F}

mae 18 maximal in Ps. ]

4. Generalizations and analysis

Our definition of the class D of designated values implies the following
options: {0,1}, {0,2}, {1,2}, {0}, {1}, {2}. Similarly to the case when
D = {2}, the classes of functions which are classical in respect to other
sets of designated values ([Fp|) coincide with one of the three classes of
functions, which preserve non-trivial equivalence relations — Us, Uy, Uy.
The classes Us, Uy, and Uy are pairwise dual and, therefore, isomorphic [4].
So all results obtained for D = {2} can be easily generalized for other sets
of designated values. The relations between the classes of classical functions
and the classes of the type U are as follows:

o [Foy] = [Fyo] = Ua.
o [Flo2y) = [F1y) = U
o [F(1 23] = [Fioy] = Uo.

As shown above, in all three cases Fp = Up and F ap = Ubp.
If we adopt the usual view of truth-values as degrees of truth, this can
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seem counterintuitive. However, it is perfectly in line with G. Malinowski’s
observation that we can pick D = {0} in a two-valued matrix |7]. This way
we are able obtain two classical two-valued logics — «truth-based» with
D = {1}, and «falsity-based» with D = {0}.

Let us also note that even in the case of D = {2} there are classical
operations that do not satisfy the «normality» condition (see [3, 13] for
discussion of C-normality and [14] for analysis concerning implication in
particular). For example, f- € FL . is a classical implication in terms of
the current paper. But f5(2,0) = 1, and that contradicts the idea that a
«normaly» implication must preserve the classical truth-values.

Another point worth investigating is the power of the sets of all
subclasses of classical functions. The set of functions of two-valued classical
logic is complete in P». And P, has countable-many subclasses. However,
each of Up, Uy, and Uz has continuum-many subclasses [6]. Therefore,
every maximal set of classical functions has continuum-many subclasses.
Moreover, the set of functions of Heyting’s three-valued logic Gg has
continuum-many subclasses as well [12], and it is a proper subset of Uj.
This shows that the fact we pointed out holds even for non-maximal sets of
classical operations. Although the sets of classical functions with countable-
many subclasses exist as well. Consider the following operations:

N2 1 0 ul2 1 0 o012 1 0 T |
212 0 0 212 2 2 212 0 0 210
110 0 O 112 0 O 112 2 2 1] 2
0|0 0 O 0[2 0 O 012 2 2 0| 2

The matrix ({0,1,2},N,U, D, —,{2}) is a submatrix of Bochvar’s
three-valued logic B3 [2]. As Bochvar pointed out, the fragment of
B3 determined by this matrix is isomorphic to K. Indeed, the class
{D> ,-}] (N and U are not independent from {D ,-}) is a closed
class of operations which are classical in respect to D = {2}. While
the set of functions of Bj itself contains continuum-many subclasses
[11], for every function f(z1,x2,...,2,) € [{D ,—}] it is true that
flar,az,...,ai—1,1,ai41,...,ay) = f(a1,a2,...,a;-1,0,a;41,...,ay,) for
every ai,as,...,an, (a; € {0,1,2}). Hence, [{D ,—}] is isomorphic to P,
and, therefore, contains countable-many closed subclasses.
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