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PaccmarpuBaercst Kijiacc NpPONO3UIMOHAJIBHBIX HOPMAJIbHBIX MOJAJIBHBIX JIOTHK. JIByMst
OCHOBHBIMU ITOHATHSIME, OTHOCSIIIUMUCS K 9TOMY KJIACCY U MCCJIEAYEMBIMU B CTATHE, 5B~
JIAIOTC (DUHUTHAST ANIPOKCUMUPYEMOCTh U KOHCTaHTHBIE (hopmysibl. [Iponosunuonaib-
Hasl HOpMaJIbHasl MOJIAJIbHAs JIOPMKA HAa3bIBAETCs (DUHUTHO AIIIIPOKCUMUPYEMOI, eCJin ee
MOXKHO 3aJ[aTh KaK MHOXKECTBO (DOPMYJI, ICTUHHBIX B KOHEYHBIX IIKAJIaX M3 HEKOTOPOI
COBOKYITHOCTHU. Bce «ecTecTBEeHHbIE» HOPMAJIHHBIE MOJIAJILHBIE JIOTUKU OKA3AJIACH (DUHUAT-
HO amlIpokcuMupyembiMu. B 60-e rofpl GbLIO 3aMeYeHO, YTO B HEKOTOPBIX CJIydasiX IIpU
100aBIeHNN K aKCHOMATHKE KOHCTAHTHOM aKCHOMBI COXpaHsercs mojHora o Kpuike
U TeM caMbIM (DUHUTHASA ANIPOKCHUMHUPYEMOCTh. 3aMeTuM (hOBKIIOp), 9TO ¢ MOMOIIBIO
TEOPEMBI O JIe/IyKIIUU MOXKHO [TI0Ka3aTh, YTO 3/€Ch B KAYECTBE JIOTUKU MOYKHO B3Th MUHU-
MaJIbHYIO HOPMAaJIBHYIO MOJAJbHYIO Ipornosunnonanbuyio jgoruky K. Ilox koncranTHO
dopmyitoii moruMaercs hopMyJia, TPU MOCTPOCHUM KOTOPO HE MCIIOJIB3YIOTCS IEPEMEH-
HBIE, TO €CTh JIEMEHTAPHON (HPOPMYIIOii ABJIsIeTCs TONBKO KOHCTaHTa L (J10Kb). (Bamerny,
9TO B CJIydae OTCYTCTBUS B sI3bIKE€ KOHCTAHTHI MOXKHO CUHTATH KOHCTAHTHOW (DOPMYJIOi
Takyio GOpMysLy, KOTOpas SKBUBAJEHTHA JIIOOOMY CBOEMY MOJCTAHOBOYHOMY IIPUMEPY;
TaKoBa, CKaxkeM, dpopmysa p A —p.) OCHOBHBIM PE3yJILTATOM CTATbH SBJISETCS OLpPeesIe-
Hye GPUHATHO ANMPOKCUMUPYEMOil HOPMAaJIbHON MOJAJIBHOM IIPOIO3UIMOHAILHON JIOTHKA
L n xoncraunTHON (POPMYIIBL 0, TAKUX ITO PE3YJIbTAT J00OaBIeHUsI K L aKCHOMBI (0 He SIBJISI-
ercs (PUHUTHO AIIIPOKCUMUPYEMOii JTOruKoil. CTaTbs 3aKAHINBAECTCS KPATKUM [E€PETHEM
OTKPBITBHIX IIPOOJIEM.

Karouesvie caoea: HOpMaAJIbHAA MOJAJIbHAA JIOTMKA, (DUHUTHAS aIIPOKCUMHUPYEMOCTb,
KOHCTAHTHasi (GpOpMyJia, TeopeMa O JIeTyKIIUN

Omnpeesiennst 1 0603HAYEHUST MOYKHO CUUTATH CTAHJAPTHBIME, UX MOYKHO
HajiTn, Hanpumep, B [5] (9Ta KHUra CBOGOHO PACHPOCTPAHSIETCSI B UHTEP-
Here 6e3 yBeJOMIIEHHsI ABTOPOB U IPAaBOOOIAIATEIs ).

'PaGora Bomonnena npum momuepxke PO®®DU, mpoexkrer  Ne13-06-00861 u
Ne14-06-00298.
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[TocraHoBKa paccMaTpUBaeMOil 3a/1a9K TakoBa: 6cezda Au JobasAeHUE K
dunummo annpoxcumupyemoti HopMasoHoti MoaALHOT NPONOZUUUOHAND-
HOT N02UKE KOHCMAHMHOT AKCUOMBL NPUSOIUM K GUHUMHO ANNPOKCUMU-
pyemol so2ukKe.

[Tpexkjie 9eM mepeiiTé K pemeHnio, OTMETUM HECKOJIBKO OCOGEHHOCTEN
BBIPA3UTEJLHOCTH KOHCTAHTHBIX (POPMYIL.

HecMmoTpst Ha CBOIO, KAK KayKeTCsl, IPOCTOTY (IIPABUJIO MOJACTAHOBKY MX HE
MeHSIeT ), KOHCTaHTHBIE (GOPMYJIbI BeJyT cebsi MOPOH JOBOJILHO HEOXKHIAH-
Ho. Tak, mpoGyeMbl IPUHAJJIE?KHOCTH KOHCTAHTHBIX (POPMYJT HEKOTOPHIM
CTaHJAPTHBIM JIOTHKaM, TaKuM, Kak, ckaxkeM, K, K4, ssisarorcs PSPACE-
HOJIHBIMU (T.e. BeCbMa CJIOXKHBbIMU), cM. [4]. JIpyroit npumep: cBoiicTBO ak-
cuoMaTU3UpyeMocT KoHcranTHoi dopmysioit nag K u nag K4, em. [1].

ITo HEKOTOPOMY BapuaHTy T€OPEMBbI O JEIYKIMN I MUHUMAJILHO HOp-
MaJIbHOI nporosuronasbhoil joruku K, cm., Hanpumep, (2], serko 3ame-
TUTh, uTo ecau K K (PUHUTHO anmpokcuMupyemoii, pazymeercs, JIOTUKe)
J06aBUTH KOHCTAHTHYIO AKCHOMY (OHA JKe 1 CXeMa aKCHOM ), TO [OJIy dnBIIa~
sICsl JIOTUKA TOYKE OKAyKeTCsl (PMHUTHO AIPOKCUMUPYEMOii. AHaIOrnIHbIi
aKT MOXKHO OTMETUTD U JIJIsi HHBIX HOPMAaJIbHBIX [TPOHO3UIINOHAIBHBIX JIO-
ruk. OJIHAKO 3TO HE BCETJia TaK, KaK yTBEPKIAET CJIeIyIomas

TEOPEMA 1. Cywecmeytom maxas GUHUMHO GNNPOKCUMUPYEMAA HOP-
MANOHGA MOOAAOHAA NPONOZUUUOHAALHAA Ao2uka L u Koncmanmmas @op-
MYAG, MO HOPMaAbHOE pacwupenue L amot gopmyaoti punummo annpok-
CUMUDYEMBIM HE ABAALNCA.

JJOKABATENBCTBO. Ilycts L — noruka Beex mxami §, (n € w), M. puc. 1,
rJie BCe COOTHOIIEHWS] MEXKJy TOYKAMHU (JIOCTHKUMOCTH) yKe H300pazke-
HBI CTPEJIKAMU; B YaCTHOCTH, OTCYTCTBYIOT TPAH3UTUBHOCTH U PedIeKCUB-
nocth. [lo cBoeMy omnpesenenuio 3ta Jioruka UHUTHO AINMPOKCUMHUPYEMA,
ITOCKOJIBKY 3a/1a€TCsd MHO2KECTBOM KOHEYHBIX IITKaJI. O,Z[HaKO MBI celfidac Io-
kazkeM, 4T0 jjoruka L@ (OOOLA-OOL — O(O0OLA—-OCOL)) dunurao
AIIPOKCUMUPYEMOii He siBjsieTcst (mobasisiemas K L dopmysia Huzke 060-
3HavgaeTCs Kopode — v — O, T.e. moaaraem, aro vy = OOOL A -OOL).
B nocrpoenun dopmysier v — Oy nepeMeHHble He ObLJIU UCIIOJIb30BaHbI,
T.e. 9Ta dopmyrna koucrantHa (!). Takum obpasom, noruka L u dopmyna
v — <7y 1a0T HAM OJIHO U3 BO3MOXKHBIX ITOTBEPK/IEHUN Y TBEPIKICHUS TEO-
pembl 1; 0 HEKOTOPBIX JIPYTUX BapHaHTaX CM. 3aMevdaHue 1 Ha cTpaHurle 4.
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Puc. 1. §,

Ucnonb3yembie 0bo3HadeHus Jijist GOPMyJI, OMUCHIBAIOIINX TOUYKHA Fy (1O
JIE3HO MMeTb B BUIy a(paBUTHOE CXOJICTBO B 0DO3HAUEHHUSIX TOUEK U (POp-
My a — o, b— 3, ¢ —7):

a:DL7 ,8:<>C¥, 'Y:<><>Oé/\_‘<>047 /BOZ/BADav ﬁz-‘rl:/B/\OﬁZ

Bo Becex mkaiax §,, uCTUHHBLL GOPMYJIbI ([IPH PYTUHHON IIPOBEPKE OTMEYEH-
HOe asI(haBUTHOE CXOJICTBO MOYKET ITOMOYb):

AxB; = Bi = ~fi—1 A+ A =Bo,

Azy(p) =y ANOYAO(BADP) = O(y AO(B A Op)).

[Tokazkem, aro sioruke Ldy — O He npunaiekut popmyna —(yACBy).
Ucnonbsyem Geckoneunyio (1) mkany §,, CM. puc. 2, rjie BCe COOTHOIIIE-
HUsT MEXK/Ty TOYKAMU OISATb-TAKH y2Ke M300paykeHbl CTpesKaMu (IIKaIy o,
MOKHO MBICJIUTh KaK <«IIPEJIEIT» TIOCIEI0BATETLHOCTU IIKAT §0, $1, 32 - - - )-

Pyrunno nposepsiercs, aro dhopmyna —(y A OBy) onposepraercss B TOUKe
Co TIKaJBL §,,. OcTaercs 3aMeTUTh, UTO e€C/Id Kakas-Jnbo (opMy/ia ornpo-
BEPraeTcsd B §u,, TO B CHJIy OTCYTCTBHS TPAH3UTUBHOCTH OHA OIPOBEPraeTcs
U B HEKOTOPOIl ¥, LIPH JOCTATOYHO OOJIBIIOM 71, 1 < W.

Buaunt, mkanaa §, oraenser —(y A <Ofy) or L.

I[Tycrb Teneps § — HeKoTOpast MKaja ¢ KopHeM, oTessiorast —(y A <)
or L, u 3TO OT/HeIeHNe TPOUCXOIUT B TOYKE, CKAyKeM, T( IIPU HEKOTOPOil
OLICHKE.

Nrak,

zo =y A CBo.
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Puc. 2. §,,

B uacTtHOCTH, B IIIKaJIe €CTh TOYKA Yo, TaKasl 4To Yo = Fp.
Ucrunnocts B mkajie § dopmyssl v — Oy maer zg = <&y, orkyaa

zo Y AOYAO(BA Bo).

Bocnosnbzyemest npunaiexkaeii L dpopmymnoit Axy(Bo):

zo E Y AOYANO(BA Bo) = Oy AO(B A OBo)).

ITonyaaem

2o = O(y A O(BAOp)),

9TO JaeT HEKOTOPYIO TOYKY I1, JOCTUXKUMYIO U3 T, TaKYyIO 9TO

1y AOBL

B wacrHOCTH, B IIKaJje eCcTh TOYKA Y1, Takas 4To Y1 = f1.

[ToBTOpPUB HEOrpaHUYEHHOE YUCIO Pa3 MPOBEACHHOE PACCYKJICHUE, yBe-
JIMYUBAsi KaXKJIbll pa3 UHJAEKCHI HA 1, MOJIyYUM, YTO B IIKaJE § JJId KaxK-
JIOT0 4, i € w, UMeeTcs Y;, Takas 910 y; = ;. B cuiy nupunagexuocrn L
dopMmysbl Ax(; Bce TOUKHU Y; PAIAIHBL.

Teopema mokazana. O

SAMEYAHUE 1. B nokazaresnbcrBe (B coorBercTBuu ¢ (HOPMYIUPOBKOIA)
TeOpeMbI IIpUBeIeHa ofHa Joruka L ¢ TpebyeMbiMu cBoiicTBaMu. JIerko 3a-
METHUTb, 9T0 L MOXKHO BapbUPOBATDH, MEHsIs TOIXOIANINM 00PA30M IIKAJIBI
Sn, Sw € TEM, YTOOBI OJIYYUIOCh KOHTUHYAJIBHOE CEMEICTBO JIOTHUK, JJIst KO-
TOPBIX YTBEPIKICHIE TEOPEMbI CITPABEINBO. AHAJIOTHIHO W TAPAJIIEIbHO,
MOYKHO OECKOHEYHO MEHSITH U L.
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Jpyrast BO3MOKHOCTb BapbUPOBAHMUS [OJIy9E€HHOTO Pe3YJIbTATa: M3 KOH-
TEKCTa MOHSATHO, YTO HOHATHE KOHCTAHTHO (hOPMYJIBI, HCIIOIB30BAHHOE BbI-
1€, OCHOBBIBAETCsI HA HAJINYUU B sI3bIKE JIOTUK KOHCTAHTBI L («JI0XKb» ), 0/1-
HAKO IIPH OTCYTCTBHU TON KOHCTAHTLI, HO NP OOBIMHOM JIIsi MOZAJIBHBIX
JIOTUK BbIGOpe HAbOpa JIOTMYECKUX CBS30K (ckaxkeM, A, =, 0, a ocTajbHbIe
BBOJIATCS 110 CTAHJIAPTHLIM COKPAIEHUIM) JOCTATOYHO OHPEIEINTH KOH-
CTaHTHYIO (POPMYyJIy, KaK (popMysy, JitoOo#l MOACTAHOBOUHBIN IPUMEpP KO-
TOPOii 9KBUBAJIEHTEH HCXOJHO, HAIPHMED, MOXKHO HCIIOIL30BATL P A —p
BMecTo L (cM. Kparkoe obcyxk/eHue B [3]); U3MEHEHUsI B JI0OKA3ATEILCTBE
HE3HAUNTE/IBHBI U CBOJSATCA K HEOOJIBIIOMY N3MEHEHUIO TEKCTA U IIPIMEHe-
HUIO TeOpEeMBI O 3aMeHe SKBHBaeHTHbIX B K.

AmHaJiorn paccCMOTPEHHOI'O BOIIPOCA, TaKHe, KaK IMOMCK KOHEYHO aKCHOMa-
THU3UPYEMOTro BapuanTa L, 3aMeHa CBOMCTBa (PUHUTHON alIPOKCUMUPYEMO-
CTHU Ha, CKaKeM, Pa3peninMoCThb, ITOJHOTY 110 Kpuike u T.J1. MOTYT OKa3aTh-
Cs1 JIOBOJIBHO TPYJAHBIMH 3aJa9aMU.
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We consider the class of propositional normal modal logics. The two main concepts related
to this class and analyzed in the paper are the finite model property and constant formula.
A propositional normal modal logic has the finite model property, if it can defined as the
set of formulas true in frames of some set. All “natural” propositional normal modal logics
turned out to have the finite model property. In the 60 years it has been observed that
in some cases adding to the axiomatics constant axiom remains Kripke completeness,
and hence the finite model property. Note (folklore) that using the deduction theorem it
can be shown that here as logic can take the minimal normal modal propositional logic
K. Under constant formula, the constraction of which does not use variables, that is,
the basic formula is the constant L (false). (Note that in the absence in language the
constant can be considered constant formula is a formula that is equivalent to any of
substitutional instant; that is, say, the formula p A =p.) The main result of the paper is
the definition of a normal modal propositional logic L and a constant formula ¢, such
that the result of adding to the logic L axiom ¢ does not have the finite model property.
The paper concludes with a short list of open problems.

Keywords: normal modal logic, finite model property, constant formula, deduction
theorem
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