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PaccmarpuBaercs Kjacc Mporno3uIuoHaAJIBHBIX HOPMAJIBHBIX MOJAJIBHBIX JIOTUK. JIByMst
OCHOBHBIMH HOHATUSAMH, OTHOCAIIMMUCA K 3TOMY KJIACCY U HCCJIELyEMBIMHU B CTATbe, AB-
JIIOTCS (PUHHUTHAS AIMIPOKCUMUDPYEMOCTh M KOHCTaHTHBbIe opmysl. [Ipornosurmonasns-
Hasl HOpMaJIibHasl MOJAJIbHAS JIOTHMKA Ha3bIBAETCs (PMHUTHO aIllllPOKCUMUPYEMO, eC/I ee
MOYKHO 33JIaTh KaK MHOXKECTBO (POPMYJI, ICTUHHBIX B KOHEYHBIX IMKAJIAX U3 HEKOTOPOI
COBOKYIHOCTH. Bce «ecTecTBeHHBIE» HOpMAaJIbHBIE MOJAJIBHBIE JIOTUKH OKA3AJINCH (DUHUT-
HO anmpokcuMupyembiMu. B 60-e Toabl 6BLIO 3aMeYEHO, YTO B HEKOTOPBIX C/IydasX MPU
100aBIeHNN K aKCHMOMAaTHKe KOHCTAHTHOW aKCHOMBI COXpaHsieTCs moHoTa mo Kpumke
U TeM CaMbIM (PUHUTHAS ANIPOKCUMHUPYEMOCTb. 3aMeTHM ((POIBKIIOD), U9TO € HOMOIILIO
TeOpeMBI O JIeIYKIIUHU MOXKHO II0Ka3aTh, YTO 3/1€Ch B KAUeCTBE JIOTUKUA MOXKHO B34Th MUAHU-
MaJIbHYIO HOPMAJIBHYIO MOJAJIbHYIO Tpono3unnoHaabuyio jsoruky K. Ilom koncranTHOI
dopmyoit mornMaeTcsa popMysIa, IPU IMOCTPOEHUN KOTOPO HE HCIIOJIb3YIOTCS II€PEMEH-
HBIE, TO €CTh dJIeMeHTapHOI (POPMyIIOii sIBJIsIeTCsT TONIBKO KOoHCTaHTa L (J1oxb). (Bamernm,
9TO B C/Iy4ae OTCYTCTBHUS B siI3bIKE KOHCTAHTBI MOXKHO CUYNTATh KOHCTAHTHOM (hopMysIoit
Takyio (popMyJy, KOTOpas KBHBAJEHTHA JIIOOOMY CBOEMY IIOJICTAHOBOYHOMY IIPHUMEDY;
TakoBa, cKaxeM, dhopmysa p A —p.) OCHOBHBIM PE3yJILTATOM CTATHH SIBJSETCS OMPEIesIe-
Hre (DUHUTHO AMMTPOKCUMHUPYEMO HOPMAJIHHONW MO/IAJIbHON IIPOMO3UIIMOHATIBHON JIOTHKI
L n xoHCTAHTHO# (DOPMYJIBI ¢, TAKAX YTO PE3YJILTAT 00aBJIEHHS K L aKCHOMBI (¢ He SIBJISA-
eTcst (GUHUTHO AMMPOKCUMHUPYEMOi JTOrukoii. CTaThbsl 3aKaHIMBAETCS KPATKUM TEpeTHEM
OTKPBITHIX [TPODJIEM.

Kaouesvie caoea: HOpMaJIbHASA MOIAJIbHAA JIOTMKA, (DUHUTHAS AIIPOKCUMHUPYEMOCTb,
KOHCTaHTHAasi (POPMyJIa, TeopeMa O JIeyKIUK
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Ompenenennst n 0603HAYMEHNST MOYKHO CIUTATH CTAHIAPTHBIME, UX MOYKHO
HaiiT, Hanpumep, B [5] (9Ta KHEra CBOOOJHO PACIPOCTPAHSIETCS B UHTED-
Here 6e3 yBeJOMJIEHNs] aBTOPOB U [IPABOO0JIAIATeIIs).

[TocranoBka paccMaTpuBaeMoil 3aJa4u TaKOBa: 6cezda Al 000a6AEHUE K
GUHUMNHO ANNPOKCUMUPYEMOT, HOPMAALHOT, MOOIGALHOT NPONOSUUUOHAAD-
HOT A02UKE KOHCMAHMHOT AKCUOMBL NPuBodum % GUHUMHO ANNPOKCUMU-
pyemol A02UKe.

[Ipexie 1em mnepeiiTu K pPeIIeHUI0, OTMETUM HECKOJIBKO O0CODeHHOCTEl
BBIPA3UTEILHOCTH KOHCTAHTHBIX (POPMY.I.

Hecmotpst Ha €BOIO, KaK KazKeTCst, TPOCTOTY (IIPABUJIO MOJACTAHOBKY UX HE
MeHsleT), KOHCTaHTHbIe (hOPMYJIbI BeiyT cebsi MOPOii JIOBOJILHO HEOXKUIAH-
mo. Tak, mpobeMbl IPUHAIE?KHOCTH KOHCTAHTHBIX (DOPMYJI HEKOTOPBIM
CTaHIAPTHBIM JIOTUKaM, TakuM, Kak, ckaxkem, K, K4, apisrorcs PSPACE-
HoJiHbIME (T.e. BecbMa CJIOXKHBIME), M. [4]. Ipyroii npumep: cBoificTBO ak-
CHOMATHU3MPYEMOCTU KOHCTaHTHOI dopmystoit Hax K u nanx K4, em. [1].

ITo HEKOTOpPOMY BapUAHTY TEOPEMBI O JIEIYKIIUU JIJIST MUHUMAJIBHON HOP-
MaJIbHOI npono3unuoHasbHoi jgoruku K, cm., Hanpumep, (2], jserko 3ame-
TuTh, 4To eciau K K (buHUTHO annpokcuMmupyemoii, pasymeercs, JIOIHKe)
J106aBUTH KOHCTAHTHYIO AKCHOMY (OHA 2Ke U CXeMa aKCHOM ), TO IOJIY IUBIIa-
sICsT JIOTMKA TOXKE OKAXKeTCsl (PUHUTHO AIIPOKCUMUPYEMOit. AHATOrUIHBII
dakT MOYKHO OTMETUTDH U JIJIsi UHBIX HOPMAJILHBIX POHO3UITNOHAIBHBIX JIO-
ruk. OQJHAKO 9TO He BCerja Tak, KAK YTBEPKIAET CJIeIyIOIIast

TEOPEMA 1. Cywecmsyrom makaa GUHUMHO anNPpOKCUMUPYEMAR HOP-
MAALHAA MOOAALHAA NPONOSUUUOHAALHAA Ao2uka L u xoncmanmmuan gop-
MYAQ, YO HOPMAAbHOE pacwuperue L amoti opmyrotli punummo annpox-
CUMUPYEMDIM HE ABAAECNCA.

JOKA3ATENBLCTBO. Ilycts L — joruka Beex mkani §, (n € w), cMm. puc. 1,
rjie BCe COOTHOIIEHUS] MEXKJly TOYKAMH (JJOCTHXKUMOCTB) yIKe n300parke-
HBI CTPEJIKAMU; B YaCTHOCTHU, OTCYTCTBYIOT TPAH3UTUBHOCTH U PedIIEKCUB-
HocTh. [lo cBoemy ompesesieHno 9Ta JIOTUKA (PUHUTHO AIITPOKCUMUPYEMA,
MTOCKOJIbKY 3a7IA€TCS MHOXKECTBOM KOHEUHBIX mKaj. O IHAKO MBI ceffaac 1mo-
kazkeM, 410 Jjioruka L@ (OCOLA-OO0L — O(OOOLA=COL)) dunurao
AIIIPOKCUMUDYEMOii He sBisiercs (mobasisieMast K L dopmymna Huzke 000-
3HavYaeTCs Kopoue — v — O, e, nmojaraem, uro vy = OOOL A -OOL).
B moctpoenun dopmynbr 7y — Oy mepemeHHble He OBLIN HMCIOJIH30BAHBI,
T.e. ara dopmyna koucrantHa (!). Takum obpasom, jnoruka L u dopmysia
v — Oy 1ai0T HAM OJTHO U3 BO3MOXKHBIX ITOJATBEPKIECHNN YTBEPKICHIS TEO-
peMbl 1; 0 HEKOTOPBIX JAPYTUX BapUAHTAX CM. 3amMedanue 1 Ha cTpanuie 82.
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Puc. 1. §,

Ucnonb3yembie 0bo3HadeHus Jijist GOPMyJI, OMUCHIBAIOIINX TOUYKHA Fy (1O
JIE3HO MMeTb B BUIy a(paBUTHOE CXOJICTBO B 0DO3HAUEHHUSIX TOUEK U (POp-
My a — o, b— 3, ¢ —7):

a:DL7 ,8:<>C¥, 'Y:<><>Oé/\_‘<>047 /BOZ/BADav ﬁz-‘rl:/B/\OﬁZ

Bo Becex mkaiax §,, uCTUHHBLL GOPMYJIbI ([IPH PYTUHHON IIPOBEPKE OTMEYEH-
HOe asI(haBUTHOE CXOJICTBO MOYKET ITOMOYb):

AxB; = Bi = ~fi—1 A+ A =Bo,

Azy(p) =y ANOYAO(BADP) = O(y AO(B A Op)).

[Tokazkem, aro sioruke Ldy — O He npunaiekut popmyna —(yACBy).
Ucnonbsyem Geckoneunyio (1) mkany §,, CM. puc. 2, rjie BCe COOTHOIIIE-
HUsT MEXK/Ty TOYKAMU OISATb-TAKH y2Ke M300paykeHbl CTpesKaMu (IIKaIy o,
MOKHO MBICJIUTh KaK <«IIPEJIEIT» TIOCIEI0BATETLHOCTU IIKAT §0, $1, 32 - - - )-

Pyrunno nposepsiercs, aro dhopmyna —(y A OBy) onposepraercss B TOUKe
Co TIKaJBL §,,. OcTaercs 3aMeTUTh, UTO e€C/Id Kakas-Jnbo (opMy/ia ornpo-
BEPraeTcsd B §u,, TO B CHJIy OTCYTCTBHS TPAH3UTUBHOCTH OHA OIPOBEPraeTcs
U B HEKOTOPOIl ¥, LIPH JOCTATOYHO OOJIBIIOM 71, 1 < W.

Buaunt, mkanaa §, oraenser —(y A <Ofy) or L.

I[Tycrb Teneps § — HeKoTOpast MKaja ¢ KopHeM, oTessiorast —(y A <)
or L, u 3TO OT/HeIeHNe TPOUCXOIUT B TOYKE, CKAyKeM, T( IIPU HEKOTOPOil
OLICHKE.

Nrak,

zo =y A CBo.
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Puc. 2. §,,

B uacTtHOCTH, B IIIKaJIe €CTh TOYKA Yo, TaKasl 4To Yo = Fp.
Ucrunnocts B mkajie § dopmyssl v — Oy maer zg = <&y, orkyaa

zo Y AOYAO(BA Bo).

Bocnosnbzyemest npunaiexkaeii L dpopmymnoit Axy(Bo):

zo E Y AOYANO(BA Bo) = Oy AO(B A OBo)).

ITonyaaem

2o = O(y A O(BAOp)),

9TO JaeT HEKOTOPYIO TOYKY I1, JOCTUXKUMYIO U3 T, TaKYyIO 9TO

1y AOBL

B wacrHOCTH, B IIKaJje eCcTh TOYKA Y1, Takas 4To Y1 = f1.

[ToBTOpPUB HEOrpaHUYEHHOE YUCIO Pa3 MPOBEACHHOE PACCYKJICHUE, yBe-
JIMYUBAsi KaXKJIbll pa3 UHJAEKCHI HA 1, MOJIyYUM, YTO B IIKaJE § JJId KaxK-
JIOT0 4, i € w, UMeeTcs Y;, Takas 910 y; = ;. B cuiy nupunagexuocrn L
dopMmysbl Ax(; Bce TOUKHU Y; PAIAIHBL.

Teopema mokazana. O

SAMEYAHUE 1. B nokazaresnbcrBe (B coorBercTBuu ¢ (HOPMYIUPOBKOIA)
TeOpeMbI IIpUBeIeHa ofHa Joruka L ¢ TpebyeMbiMu cBoiicTBaMu. JIerko 3a-
METHUTb, 9T0 L MOXKHO BapbUPOBATDH, MEHsIs TOIXOIANINM 00PA30M IIKAJIBI
Sn, Sw € TEM, YTOOBI OJIYYUIOCh KOHTUHYAJIBHOE CEMEICTBO JIOTHUK, JJIst KO-
TOPBIX YTBEPIKICHIE TEOPEMbI CITPABEINBO. AHAJIOTHIHO W TAPAJIIEIbHO,
MOYKHO OECKOHEYHO MEHSITH U L.
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Jpyrast BO3MOKHOCTb BapbUPOBAHMUS [OJIy9E€HHOTO Pe3YJIbTATa: M3 KOH-
TEKCTa MOHSATHO, YTO HOHATHE KOHCTAHTHO (hOPMYJIBI, HCIIOIB30BAHHOE BbI-
1€, OCHOBBIBAETCsI HA HAJINYUU B sI3bIKE JIOTUK KOHCTAHTBI L («JI0XKb» ), 0/1-
HAKO IIPH OTCYTCTBHU TON KOHCTAHTLI, HO NP OOBIMHOM JIIsi MOZAJIBHBIX
JIOTUK BbIGOpe HAbOpa JIOTMYECKUX CBS30K (ckaxkeM, A, =, 0, a ocTajbHbIe
BBOJIATCS 110 CTAHJIAPTHLIM COKPAIEHUIM) JOCTATOYHO OHPEIEINTH KOH-
CTaHTHYIO (POPMYyJIy, KaK (popMysy, JitoOo#l MOACTAHOBOUHBIN IPUMEpP KO-
TOPOii 9KBUBAJIEHTEH HCXOJHO, HAIPHMED, MOXKHO HCIIOIL30BATL P A —p
BMecTo L (cM. Kparkoe obcyxk/eHue B [3]); U3MEHEHUsI B JI0OKA3ATEILCTBE
HE3HAUNTE/IBHBI U CBOJSATCA K HEOOJIBIIOMY N3MEHEHUIO TEKCTA U IIPIMEHe-
HUIO TeOpEeMBI O 3aMeHe SKBHBaeHTHbIX B K.

AmHaJiorn paccCMOTPEHHOI'O BOIIPOCA, TaKHe, KaK IMOMCK KOHEYHO aKCHOMa-
THU3UPYEMOTro BapuanTa L, 3aMeHa CBOMCTBa (PUHUTHON alIPOKCUMUPYEMO-
CTHU Ha, CKaKeM, Pa3peninMoCThb, ITOJHOTY 110 Kpuike u T.J1. MOTYT OKa3aTh-
Cs1 JIOBOJIBHO TPYJAHBIMH 3aJa9aMU.
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We consider the class of propositional normal modal logics. The two main concepts related
to this class and analyzed in the paper are the finite model property and constant formula.
A propositional normal modal logic has the finite model property, if it can defined as the
set of formulas true in frames of some set. All “natural” propositional normal modal logics
turned out to have the finite model property. In the 60 years it has been observed that
in some cases adding to the axiomatics constant axiom remains Kripke completeness,
and hence the finite model property. Note (folklore) that using the deduction theorem it
can be shown that here as logic can take the minimal normal modal propositional logic
K. Under constant formula, the constraction of which does not use variables, that is,
the basic formula is the constant L (false). (Note that in the absence in language the
constant can be considered constant formula is a formula that is equivalent to any of
substitutional instant; that is, say, the formula p A =p.) The main result of the paper is
the definition of a normal modal propositional logic L and a constant formula ¢, such
that the result of adding to the logic L axiom ¢ does not have the finite model property.
The paper concludes with a short list of open problems.

Keywords: normal modal logic, finite model property, constant formula, deduction
theorem

References

[1] Chagrov, A.V. “Nerazreshimye svojstva superintuicionistskih logik” [Insoluble
properties of superintuitionistic logics|, Matematicheskie voprosy kibernetiki
[Mathematical Problems of Cybernetics]. M.: Fizmatlit, 1994, vol. 5, pp. 62—
108. (In Russian)

[2] Chagrov, A.V. “Ob jeffektivnyh teoremah o dedukecii v normal'nyh modal’nyh
logikah” [On effective deduction theorem in normal modal logics|, Logicheskie
issledovanija [Logical Investigations|. M.: Nauka, 2000, vol. 7, pp. 209-216. (In
Russian)

[3] Chagrov, A.V. “Logika, ne javljajushhajasja ni konechno-znachnoj, ni
beskonechno-znachnoj” [The logic is neither a finite-valued nor infinitely-
valued|, Trudy nauchno-issledovatel’skogo seminara Logicheskogo centra

!The paper is supported by Russian Foundation for Basic Research, projects
Ne13-06-00861 and Ne14-06-00298.



Finite Model Property of Normal Modal Logics and Constant Formulas. . . 85

4]

Instituta filosofii RAN [Proceedings of the Scientific-Research Seminar Logic
Center of the Institute of Philosophy of the Russian Academy of Sciences].
2000, vol. XIV, pp. 59-67. (In Russian)

Chagrov, A.V, Rybakov, M. “How many variables does one need to prove
PSPACE-hardness of modal logics”, Advances in Modal Logic. London: King’s
College Publications, 2003, vol. 4. pp. 71-82.

Chagrov A.V., Zakharyaschev M. Modal Logic. Oxford University Press, 1997.
624 pp.



